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Abstract
We study the degeneration dimension of non-archimedean analytic maps into the complement of hyper-
surface divisors of smooth projective varieties. We also show that there exist no non-archimedean analytic
maps into Pn \⋃ni=1 Di where Di , 1  i  n, are hypersurfaces of degree at least 2 in general position
and intersecting transversally. Moreover, we prove that there exist no non-archimedean analytic maps into
P2 \⋃2i=1 Di when D1, D2 are generic plane curves with degD1 + degD2  4.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
A complex manifold X is said to be hyperbolic (in the sense of Brody) if every analytic
map from the complex plane C to X is constant. In the analogy between Nevanlinna theory and
Diophantine approximation observed by C. Osgood, P. Vojta, S. Lang, and the others, a quasi-
projective variety X defined over a number field k being hyperbolic in the analytic side is
corresponding to X having only finitely many k′-integral points for any finite extension k′ of k.
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perbolic. It was conjectured by Kobayashi [11] and Zaidenberg [15] that the complements of
“generic” hypersurfaces in Pn with degree at least 2n+ 1 are hyperbolic. There have been many
results related to this conjecture. We will only mention a few that are related to our results
in the non-archimedean case. Green [10] verified the conjecture in the case of 2n + 1 hyper-
planes in general position. More generally, Babets [2], Eremenko and Sodin [9], and Ru [12]
independently showed that Pn \ {2n + 1 hypersurfaces in general position} is hyperbolic. When
n = 2, the conjecture is correct for the case of four generic curves (cf. [7]). For the case of three
generic curves C1, C2, C3, Dethloff, Schumacher, and Wong [7,8] showed for that P2 \⋃3i=1 Ci
is hyperbolic if degCi  2 for i = 1,2,3. When one of the Ci is a line they show that any holo-
morphic map f : C → P2 \⋃3i=1 Ci is algebraically degenerate if d1 = 1, d2  3 and d3  4,
up to enumeration. More generally, one can estimate the dimension of the image of an ana-
lytic map from C into a complex manifold. For example, it is well known that an analytic map
f : C → Pn \ {n + 2 hypersurfaces in general position} is algebraically degenerate.
Similar questions can be asked when the ground field is non-archimedean. Let K be
an algebraically closed field of arbitrary characteristic, complete with respect to a non-
archimedean absolute value | |. A variety X over K is said to be K-hyperbolic if every
analytic map from K to X is constant. In contrast to the situation over the complex num-
bers, it is much easier to study hyperbolic problems over non-archimedean ground fields.
For example, projective algebraic curves of genus at least one and abelian varieties are K-
hyperbolic (cf. [3–5] and [6]). As an easy consequence of the second main theorem of Ru [13],
Pn \ {n+ 1 hypersurfaces in general position} is K-hyperbolic. Similarly, the second main theo-
rem of An [1] shows that X \ {n + 1 hypersurface divisors in general position} is K-hyperbolic
where X is a projective variety over K in PN and a hypersurface divisor is the intersection of a
hypersurface in PN with X. It is also easy to see that an analytic map f : K → Pn \ D1 ∪ D2 is
algebraically degenerate if D1 and D2 are distinct hypersurfaces in Pn.
In this note, we will first study the algebraic degeneracy of non-archimedean analytic maps
omitting hypersurface divisors in smooth projective varieties. The results are stated in Section 2.
Second, we will study K-hyperbolicity for complements of hypersurfaces in projective space.
Similar to the conjecture of Kobayashi and Zaidenberg, we conjecture the following:
Conjecture. Let D1, . . . ,Dq , q  n, be q distinct generic hypersurfaces in Pn(K). If∑q
i=1 degDi  2n, then Pn \
⋃q
i=1 Di is K-hyperbolic.
In Section 3, we will prove this conjecture for the case of n generic hypersurfaces and
degDi  2 for each 1  i  n. We will also prove this conjecture for P2 omitting 2 generic
curves.
2. Results in general cases
Let X be a n-dimensional projective variety. A collection of q effective divisors D1, . . . ,Dq
of X is said to be in general position if
(i) q  n, and the codimension of each component of⋂qj=1 Dq in X is q;
(ii) q  n + 1, and for any subset {i0, . . . , in} of {1, . . . , q} of cardinality n + 1,⋂nj=0 Dij = ∅.
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P1, . . . ,Pq , q  2, be non-constant homogeneous polynomials in N + 1 variables. Let Di =
X ∩ {Pi = 0}, 1  i  q , be the divisors of X in general position. Let f be an analytic map
from K to X \⋃qi=1 Di . Then the image of f is contained in a subvariety of X of codimension
min{n+ 1, q}− 1 in X. In particularly, f is algebraically degenerate if q  2, and X \⋃qi=1 Di
is K-hyperbolic if q  n + 1.
The following example shows that the theorem is sharp.
Example. Let X = Pn and D1, . . . ,Dq , q  n, be the coordinate hyperplanes {Xn−q+1 = 0},
. . . , {Xn = 0}. Let f0, . . . , fn−q be algebraically independent K-analytic functions. Then f =
(f0, f1, . . . , fn−q,1, . . . ,1) is a non-constant analytic map into Pn \⋃qi=1 Di , and the codimen-
sion of the Zariski closure of its image is q − 1.
We will need the following well-known result of non-archimedean Picard’s theorem.
Lemma 2. Let C be a irreducible projective curve. Then C \ {two distinct points} is K-
hyperbolic.
Proof of Theorem 1. Denote by di := degPi and let l be the least common multiple of di , 1
i  q . Without loss of generality, we may assume degPi = d for each 1 i  q after replacing
Pi by P l/dii .
Let (f0, . . . , fN) be a reduced representation of f , i.e., f0, . . . , fN , are K-analytic func-
tions with no common zero and f = [f0 : · · · : fN ]. Then f : K → X \⋃qi=1 Di implies that
Pi(f0, . . . , fN) (1  i  q) is an analytic function with no zero. By the non-archimedean Pi-
card’s theorem, Pi(f0, . . . , fN) is a non-zero constant for each 1  i  q . Then there exist
non-zero constants c2, . . . , cq such that Pi(f (z)) − ciP1(f (z)) = 0 for all z ∈ K and 2 i  q .
Let Wi be the algebraic subset in PN defined by Pi − ciP1 = 0. Then the image of f is contained
in W = X⋂qi=2 Wi . We will show that the codimension of each component of W is q − 1 if
q  n and W is a finite set of points if q  n + 1. We first consider when q  n. In this case
we have
⋂q
i=1 Di is not empty. Let x ∈
⋂q
i=1 Di . Since X is irreducible, it suffices to compute
the codimension of W in an open subset of X. In particularly, we take an open neighborhood Ux
of x. Rearranging the coordinates if necessary, we may assume that X0(x) 	= 0, and denote by
P¯i = Pi/Xd0 for each 1 i  q . Then the defining equation of Wi in Ux can be replaced by
δi := P¯i − ciP¯1, 2 i  q. (1)
We will show that [P¯1, δ2, . . . , δq ] is a regular sequence of the local ringOX,x , and therefore so is
[δ2, . . . , δq ] which implies the codimension of each component of W in X is q−1. For 2 r  q ,
it is clear that (P¯1, δ2, . . . , δr ) = (P¯1, . . . , P¯r ) as ideals in OX,x . Suppose that δr is a zero divi-
sor of OX,x/(P¯1, δ2, . . . , δr−1). Then there exist G ∈OX,x and G /∈ (P¯1, δ2, . . . , δr−1) such that
G(P¯r − cr P¯1) ∈ (P¯1, δ2, . . . , δr−1) = (P¯1, . . . , P¯r ). This then implies that GP¯r ∈ (P¯1, . . . , P¯r−1).
Since G /∈ (P¯1, δ2, . . . , δr−1) = (P¯1, . . . , P¯r−1), this means that [P¯1, . . . , P¯q ] is not a regular se-
quence of OX,x . However, since D1, . . . ,Dq are in general position, [P¯1, . . . , P¯q ] is a regular
sequence of OX,x . This gives a contradiction and shows that [P¯1, δ2, . . . , δq ] is a regular se-
quence of the local ring OX,x .
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· · · ∩Wn is n− 1. Hence, the image of f is contained in an irreducible curve C. Since q  n+ 1
and Di , 1  i  q , are in general position, it is clear that C ∩ (⋃qi=1 Di) contains at least two
distinct points. Therefore, the image of f is contained in the curve C omitting two points, and
hence f is constant by Lemma 2. 
3. Results in projective spaces
Definition. Nonsingular hypersurfaces D1, . . . ,Dn in Pn(K) intersect transversally if for every
point x ∈⋂ni=1 Di ,
⋂n
i=1 ΘDi,x = {x}, where ΘDi,x is the tangent space to Di at x.
Theorem 3. Let D1, . . . ,Dn be nonsingular hypersurfaces in Pn(K) intersecting transversally.
Then Pn \⋃ni=1 Di is K-hyperbolic if degDi  2 for each 1 i  n.
Remark. The assumption on the degree of the hypersurfaces is sharp. For example, in the case
of P2, we may choose D1 = {X0 = 0} and D2 = {X20 + X21 − X22 = 0} and let f (z) = (1, z, z).
It is easy to check that D1 and D2 intersect transversally, and it is clear that f is a non-constant
analytic map into P2 \ {D1 ∪ D2}. For general Pn, we may choose D1 = {X0 = 0}, and Di =
{X20 + ai1X21 + · · · + ainX2n = 0} with ai1 + · · · + ain = 0 for 2 i  n. Furthermore, we may
assume that every n − 1 by n − 1 submatrix of the matrix (aij )i,j , 2 i  n, 1 j  n, has
rank n − 1. Then these hypersurfaces intersect transversally. Clearly, the analytic map f (z) =
(1, z, z, . . . , z) does not intersect any of the hypersurfaces Di , 1 i  n.
Proof of Theorem 3. Assume that there exits an analytic map f : K → Pn \⋃ni=1 Di . By The-
orem 1, we see that the image of f is contained in an irreducible curve C. Then f is an analytic
map from K into C \⋃ni=1 Di . If C ∩{
⋃n
i=1 Di} consists at least two points, then it follows from
Lemma 2 that f is a constant. It then remains to consider when C ∩ {⋃ni=1 Di} consists exactly
only one point x. Since dimC + dimDi − n 0, we have C ∩ Di 	= ∅ for each i. This can only
happen when x ∈⋂ni=1 Di and C ∩ Di = {x} for each i. By Bezout’s theorem, we have
(C,Di)x = degC · degDi  degDi  2
for each i. Therefore, ΘC,x ∩ΘDi,x  {x} for each i. Since
⋂n
i=1 ΘDi,x = {x}, this shows that C
must have at least 2 different tangent lines at the point x. Let π : C˜ → C be the normaliza-
tion of C. Then #π−1(x)  2. If f : K → C \ {x} then its lifting f˜ : K → C˜ misses π−1(x)
containing at least 2 points thus f˜ is a constant and so f = π ◦ f˜ is a constant. 
For the rest of this section we consider the particular case when n = 2.
Definition. Let D be a curve of degree d  3 in P2. A nonsingular point x of D is said to be a
maximal inflexion point if there exits a line intersecting D at x with multiplicity d .
Remark. The curve Xd − YZd−1 = 0 has a maximal inflexion point P = (0,0,1) if d  3.
Every smooth cubic has 9 maximal inflexion points counting multiplicities which are indeed the
inflexion points. Since a maximal inflexion point is an inflexion point, the coefficients of the
defining equation of the curve need to satisfy an algebraic equation (i.e. its Hessian form cf.
[14]). Therefore, it is not difficult to see that a generic curve of degree d  4 has no maximal
inflexion points.
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have the following.
Theorem 4. Let D1 and D2 be nonsingular projective curves in P2. Assume that D1 and D2
intersect transversally and degD1  degD2. Then P2 \ {D1 ∪ D2} is K-hyperbolic if and only
if either degD1,degD2  2 or degD1 = 1, degD2  3 and D1 does not intersect D2 at any
maximal inflexion point.
The non-archimedean analogue of the Kobayashi–Zaidenberg conjecture for the case of P2
omitting two generic curves follows directly.
Corollary 5. Let D1 and D2 be distinct generic curves in P2. If degD1 + degD2  4 then
P2 \ {D1 ∪ D2} is K-hyperbolic.
Proof. Since two curves intersecting transversally is a generic condition, by the previous the-
orem we only need to verify that for generic curves D1 and D2 with degD1 = 1, degD2  3,
D1 does not intersect D2 at any maximal inflexion point. A generic curve D2 of degree at least 4
has no maximal inflexion point. When the curve D2 has degree 3 then it has at most 9 maximal
inflexion points. In this case, a generic line D1 does not intersect D2 at any maximal inflexion
points. The corollary then follows directly from Theorem 4.
To prove Theorem 4, we first study some cases that P2 \ {D1 ∪ D2} fails to be K-hyperbolic.
Lemma 6. P2 \ {D1 ∪ D2} is not K-hyperbolic if
(i) degD1 = 1 and degD2  2 or
(ii) degD1 = degD2 = 2 and D1 and D2 intersect tangentially.
Proof. We will construct a non-constant analytic map f from K into P2 \ {D1 ∪ D2} which
implies that P2 \ {D1 ∪ D2} is not K-hyperbolic. We first consider when degD1 = degD2 = 1.
Let p be the intersection point of D1 and D2 and L 	= Di , i = 1,2, is a line passing through p.
Then we can construct a non-constant analytic map f from K into P2 such that its image is
contained L \ p. Then this gives a non-constant analytic map into P2 \ {D1 ∪D2}. The following
is an explicit construction. By linear change of coordinates, we may assume that D1 = {X0 = 0}
and D2 = {X1 = 0}. Let f (z) = (1,1, z), then D1(f ) = D2(f ) = 1. In other words, f is a
non-constant analytic map from K into P2 \ {D1 ∪ D2}. Indeed, its image is in L \ p where
L = {X0 − X1 = 0} and p= (0,0,1).
Next, we consider when degD1 = 1 and degD2 = 2. In this case, the intersection of D1 and
D2 contains at most two distinct points. If the intersection contains only one point p, then D1 is
tangent to D2 at p. We can produce a non-constant analytic map such that its image is a conic
tangent to D1 at p and omitting p. Indeed, after change of coordinates, we may assume that
D1 = {X0 = 0} and p= (0,0,1). Both conditions force the defining condition of D2 to be of the
form {a0X20 +a1X21 +a2X0X1 +a3X0X2 = 0}. Since D2 is non-singular, it has to be irreducible.
Therefore, we may further assume that a1 	= 0 and a3 	= 0. Without loss of generality, we let
a3 = 1. Now let f (z) = (1, z,1−a0 −a2z−a1z2). Then D1(f ) = D2(f ) = 1, which shows that
f is a non-constant analytic map from K into P2 \ {D1 ∪ D2}. If the intersection of D1 and D2
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constant analytic map whose image is the line tangent to the conic D2 at one of the intersection
points of D1 and D2 and omitting the intersection point. We will skip the explicit construction
since it is similar to the previous one.
For case (ii), as D1 and D2 intersect tangentially, there is exactly one intersection point.
Denote it by p. We can produce a non-constant analytic map such that its image is contained
in the common tangent line of two conics D1 and D2 and omits p. The explicit construction is
similar to the previous one, and we will omit it since the geometric meaning is clear. 
Proof of Theorem 4. If degD1,degD2  2 then it follows from Theorem 3 that P2 \ {D1 ∪D2}
is K-hyperbolic. We now consider when degD1 = 1, degD2  3 and D1 does not intersect D2
at any maximal inflexion point of D2. Let f : K → P2 \ {D1 ∪ D2} be an analytic map. If it is
non-constant, then by Theorem 1, the image of f is contained in an irreducible plane curve C.
In other words, we have an analytic map f : K → C \ {D1 ∪ D2}. By Lemma 2, C ∩ {⋃2i=1 Di}
can consist of only one point, otherwise f must be constant. Let C ∩ {⋃ni=1 Di} consist of only
one point p. If degC  2 has degree at least 2, then by Bezout’s theorem, we have
(C,Di)p = C · Di = degC · degDi  degC  2
for i = 1,2. Then the arguments in the proof of Theorem 3 show that f must be a constant.
Therefore, it remains to consider when degC = 1. In this case, (C,D2)p = degD2 and p ∈
D1 ∩D2. This implies that p is a maximal inflexion point of D2 and D1 intersects D2 in p, which
is impossible by the hypothesis. In conclusion, f must be constant.
For the converse part, we have shown in Lemma 6 that P2 \ {D1 ∪D2} is not K-hyperbolic if
degD1 = 1 and degD2  2. It then remains to show for the case when degD1 = 1, degD1  3
and D1 does intersect D2 at a maximal inflexion point of D2. Without loss of generality, we
let p = (0,0,1) is a maximal inflexion point of D2 and L = {X0 = 0} is the tangent line of D2
at p. Then the intersection multiplicity of (L,D2)p equals degD2, and therefore L ∩ D2 = {p}
by Bezout’s theorem. On the other hand, as D1 intersects D2 transversally D1 	= L. Moreover,
since p ∈ D1, D1 is defined by bX0 + X1. Let f = (0,1, z) : K → P2. Then D1(f ) = 1 and the
image of f is contained in L. Since L ∩ D2 = {p} and p = (0,0,1) /∈ f (K), f (K) ∩ D2 = ∅.
This shows that in this case P2 \ {D1 ∪ D2} is not K-hyperbolic. 
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